We discuss the hybrid inflation model where the inflaton field is nonminimally coupled to gravity.
I. INTRODUCTION
Inflation has become one of the constituents in modern cosmology. In the high energy theory or particle physics, there are still many inflationary models consistent with the current observations (see e.g., [1] for the seven-year WMAP observations). Future observations, such as the Planck satellite [2], will measure the B mode polarizations in the Cosmic Microwave Background (CMB) anisotropy, which may contain the information of the primordial gravitational waves, and will constrain the inflationary models more severely.
The simplest model is inflation driven by a single field. However, in terms of the particle physics models or string compactifications, it is more plausible that there are two or more fields which concern the inflationary dynamics. Among these models, the hybrid inflation is widely studied [3] [4] [5] [6] . In the typical model of the hybrid inflation, the inflaton field φ rolls down along a valley of χ = 0, where the waterfall field χ is stable during inflation. After φ passes through a critical point φ = φ c , χ becomes tachyonic and eventually rolls down toward the true minimum. Hybrid inflation can be realized, in the framework of supergravity and superstring theory (see [7] and references therein).
The main purpose of our work is to study how the dynamics of hybrid inflation and their observational predictions are modified due to the nonminimal coupling of inflaton to gravity. The effects of the nonminimal couplings have been studied in many publications (see e.g, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ). We classify the possible hybrid inflationary dynamics and the observational consequences. In the original hybrid inflation, inflation takes place in the vacuum dominated region, but it is known that the spectrum of curvature perturbations becomes blue one. On the other hand, in a larger field region, the potential typically becomes super-Planckian. In this paper, we consider a nonminimal coupling of the inflaton field to gravity. A negative nonminimal coupling suppresses the potential in the Einstein frame and its value in the large field region can remain sub-Planckian. In addition, to obtain the flat potential in the large field region, we will add the φ 4 term to the original potential in the Jordan frame.
This paper is organized as follows. In Sec. II, we give our model with an inflaton field nonminimally coupled to gravity. In Sec. III, we discuss the inflationary dynamics and predictions in the special cases. Then, in Sec. IV, we extend our analysis for the general cases. The last Sec. V is devoted to give the brief conclusion and summary.
II. THE MODEL A. Model
We consider two interacting scalar fields. One of them, denoted by φ, plays the role of inflaton and is now nonminimally coupled to gravity. The other field, called the waterfall field and denoted by χ, has the vanishing amplitude during inflation and terminates the inflation because of its tachyonic instability, after it gets a negative mass square. The action of our model in the Jordan frame is given by
where ξ and κ 2 = 8π m 2 pl represent the nonminimal coupling parameter and the gravitational constant, respectively. Here, m pl = 1.2 × 10 19 GeV is the Planck mass.
With the conformal transformationŝ
where Ω 2 (φ) = 1 − κ 2 ξφ 2 , it is possible to move to the Einstein frame. Having the conformal transformation (2), the action (1) is transformed as [20] 
For the negative coupling ξ < 0, we obtain φ = 1 κ 1 + 6|ξ| |ξ| arcsinh |ξ|(1 + 6|ξ|)κφ + 3 2 ln − √ 6|ξ|κφ + 1 + |ξ|(1 + 6|ξ|)κ 2 φ 2 √ 6|ξ|κφ + 1 + |ξ|(1 + 6|ξ|)κ 2 φ 2 ,
which givesφ ≃ φ for φ → 0, and κφ ≃ 3 2 ln 1 + 12|ξ| − 2 6|ξ| 1 + 6|ξ| + 1 + 6|ξ| |ξ| ln 2 |ξ|(1 + 6|ξ|)κφ ,
for φ → ∞.
As the potential in the Jordan frame, we consider the following form
which has the same form as in the ordinary hybrid inflation model except for the term of 1 4 µφ 4 . Here, µ is a dimensionless self-coupling constant assumed to be positive. In the Einstein frame, the scalar potential becomeŝ
The reasons to add the φ 4 term to the potential are as follows: Firstly, in the Jordan frame, φ 4 -theory gives the most general renormalizable theory. Secondly, in the Einstein frame, since the denominator of Eq. (8) is the quartic function of φ, without φ 4 term in the estimator, as φ increases the potential approaches zero. To realize the inflaton in the large φ region rolling down toward the origin, the potential should increase monotonically and at least we need φ 4 term in the estimator. Of course, this term is not sensitive to the inflationary dynamics in the vacuum-dominated region φ 0.
Before closing this subsection, we should mention that our model is similar to that discussed in Ref. [23] , except that both the inflaton and the waterfall field are nonminimally coupled to gravity. In the model of [23] , the waterfall field is assumed to be the Higgs field, which is somewhat close to the Higgs inflation model (see e.g., [16] [17] [18] [24] [25] [26] [27] [28] ). Although in this paper we will not consider Higgs fields, it also should be noted that in the Higgs inflation model radiative corrections may play the important roles (see e.g., [18, 23, 25] ), and there are issues about the naturalness and unitarity violation (see e.g., [24] [25] [26] [27] [28] ).
B. Inflationary dynamics and observational predictions
In the rest of the paper, we discuss the inflationary dynamics in the Einstein frame.
During inflation, since φ field rolls along χ = 0, it can be treated as a single field inflation
Note that for a single field case the observational quantities are conformal invariant and thus the same as those in the original Jordan frame (see e.g., [9, [12] [13] [14] ). In the Einstein frame, the slow-roll parameters are defined by
The slow-roll inflation takes place as long as the above parameters are less than unity.
Here, we briefly explain the picture of the field dynamics in the Einstein frame. In this paper, we focus on the trajectory χ = 0 and do not discuss the motion in χ direction.
The asymptotic values in the vacuum-dominated and large field regions are 1 4 λv 4 and µ 4κ 4 ξ 2 , respectively. The effective theory description is valid, if inflation takes place at sub-Planckian scale. Thus, a theoretical bound for the nonminimal coupling is obtained as
In terms of the Einstein frame, inflation can be classified into the following two types,
i.e., the type (I) or the type (II). In the type (I) inflation, inflation is terminated by the tachyonic instability of χ field. This instability appears at φ < φ c = λv 2 g 2 . For φ < φ c , the trajectory deviates from χ = 0 and eventually settles down at either of the global minima (φ, χ) = (0, ±v). In the type (II) inflation, it is terminated by the violation of the slow-roll conditions, at some φ = φ f , where either of ǫ or |η| becomes unity. The type (I) inflation always requires that φ moves from larger to smaller values. In our model, the only way to realize the reheating is oscillations of fields at the true minimum after χ gets the VEV, and basically we require the inflaton motion from larger to smaller field values.
We also introduce the observational quantities in the linear perturbation theory. The effects of the χ fluctuations onto the observational predictions are also expected to be negligible as long as at least χ is minimally coupled to gravity [29] [30] [31] [32] . Thus, in this paper we apply the single-field, slow-roll approximations. In the context of the slow-roll approximations, the amplitude of the curvature and tensor perturbations are given by
where φ is evaluated at the horizon crossing time t * , k = aH| t=t * . The tensor-to-scalar ratio is given by
Finally, the spectral indices of the curvature and tensor perturbations are given by 
III. THE CASES OF
For simplicity, in this section we discuss the inflationary dynamics and predictions in the special cases that µ = 0 or m = 0 in Eq. (7). In the next section, we will extend our analysis to the general potential.
A. The case of µ = 0
In the case of µ = 0, if 0 < |ξ| < m 2 κ 2 λv 4 , the potential in the Einstein frame has a local maximum at φ = φ e which is given by
and the potential at φ = φ e takes the valuê
In the small field region φ 0, for |ξ| < κ 2 λv 4 , the slow-roll parameters are given by
Since as φ decreases ǫ decreases, inflation cannot be the type (II), but be the type (I), which is the ordinary hybrid inflation. The e-folding number is given by
where φ i and φ f are the values at the beginning and the end of inflation, respectively, and we omit the logarithmic factor at the final expression. The slow-roll inflation can be realized
where φ i is determined from the condition that
, to obtain sufficiently long inflation,
. Also, since φ e > φ i , we obtain φ e ≫ 1 κ , which leads to
Then, we obtain
The requirement N > 50 gives
15.
In this case, the amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral indices of the curvature and tensor perturbations are given by
Thus, the spectrum is blue tilted.
In the region of φ > φ e , there is no way to terminate inflation. Around the local maximum φ φ e , inflation can be either the type (I) or the type (II). For the tachyonic instability to appear, we need the condition φ e > φ > φ c , which leads to
The slow-roll parameters are given by
The slow-roll condition is violated when ǫ = 1. The e-folding number is given by
The amplitude of the curvature perturbations and the tensor-to-scalar ratio are given by
respectively. The spectral index of the curvature perturbations is given by n s − 1 ≃ 2η ≃ − 2 N < 0, namely red spectrum.
In order to follow the dynamics of the φ field from the local maximum to the vacuum dominated region, we perform the numerical calculations by solving the equations of motion.
For the parameters λ = g 2 = 1,
pl , we plot the evolution of the φ field, the evolution of the slow-roll parameters ǫ and η and the relation between n s and r in Fig. 1 . We take into account φ i being smaller than the local maximum φ e . In We set λ = g 2 = 1, v 2 = 10 −4 m 2 pl , µ = 10 −8 .
B. The case of m = 0
In the case of m = 0 but µ = 0, along χ = 0 the potential has the local minima at φ = φ e ,
and the potential at φ = φ e takes the nonzero minimum valuê
Inflation can take place (i) in the vacuum-dominated region,
(ii) around the local minimum, (iii) in the large field inflation.
In the region (i), dV dφ ≃ −κ 2 |ξ|λv 4 φ < 0, and φ rolls down toward φ = φ e . To obtain a stable potential, it must take place for φ > φ c , where χ field has a positive mass. Then, inflation is the type (II). Around φ = 0, the slow-roll parameters become
Inflation is terminated when ǫ becomes order unity, namely at
The e-folding number is given by
Therefore, to get sufficiently long inflation,
. On the other hand, since φ e > φ f , we have to require φ e ≫ 1 κ
, which leads to
Combining with (29), we obtain N <
. We have to require N > 50, and hence
Recalling the sub-Planckian condition Eq. (10), unless µ ≪ 1, this condition cannot be satisfied. The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral indices of the curvature and tensor perturbations are given by
respectively, where the field value φ * is evaluated at the horizon crossing. The spectrum of the curvature perturbations is red tilted. In this case, however, since V e > 0, there is no way to terminate inflation in the original system.
In the region (ii) where φ field, located at φ > φ e , begins to roll toward to φ e , inflation can be the type (I). The tachyonic instability appears at φ = φ c , and we need to require φ c > φ e , or equivalently
Taking the sub-Planckian condition Eq. (10) 
If µ 1 2 > µ κ 2 v 2 g 2 there is no region where the type (I) inflation can occur at the sub-Planckian energy scale.
In the region (ii), assuming φ e φ c , the slow-roll parameters
Note that as φ → φ e , ǫ becomes smaller, and there is no violation of the slow-roll conditions.
Therefore, inflation must be the type (I). The e-folding number is given by
The amplitude and spectral index of the curvature perturbations are given by
The spectral index of the curvature perturbations is blue tilted.
In the region (iii), φ ≫ φ e , the slow-roll parameters Eq. (9) are given by
and the slow-roll approximation is valid in the range
Inflation can be either the type (I) or the type (II). If φ c > φ f , inflation is the type (II), while if φ c < φ f it is the type (I). The e-folding number from the horizon crossing to the end of inflation is given by
where we assume that φ * ≫ φ c,f . The amplitude of the curvature perturbations and the tensor-to-scalar ratio are given by
The spectral indices of the curvature and tensor perturbations become
Thus, the spectrum of the curvature perturbations is red tilted.
We perform the numerical calculations to track the evolution of φ field along χ = 0 and of slow-roll parameters ǫ and η in Fig. 2 . We set λ = g 2 = 1, v 2 = 10 −4 m 2 pl and µ = 10 −8 in Fig. 2 . We find that the local minimum locates at φ = φ e in Fig. 2-(a) . Given parameters for Fig. 2 , as seen (33), slow-roll conditions are not violated (see Fig. 2 -(b) and 2-(c)), so inflation should be terminated by the tachyonic instability. In order to terminate inflation by the tachyonic instability, it is necessary to satisfy the condition φ c > φ e . This condition leads to
|ξ c | ∼ 4 × 10 −6 for the Fig. 2 . In Fig. 2 -(d) we plot n s − r relations. The figure shows that spectrum changes from red spectrum to blue ones.
Before closing this subsection, we briefly discuss the case of the potential in the Jordan frame given by
where p > 2 is an integer. Note that in this subsection µ parameter has mass dimension of (−2(p − 2)), and in particular (−4) for p = 3. In this case, the potential in the Einstein frameV has a minimum at some φ = φ e > 0. For p = 3, if −1 < A 2µ
< 1, where
the extremal point is given by φ e := 1
where cos x := A 2µ
. Note that > 1, then it is given by φ e := 1
where cosh y := A 2µ
.
In the vacuum-dominated region,V is always negatively tilted. And thus inflation is the type (II) and is terminated at
The typical e-folding number is given by
To realize sufficiently long inflation, we require φ f > 1 κ
, which leads to |ξ| < 1 for
> 1. Thus, we obtain N > 1 for
Around the local minimum, it is naturally expected that the spectrum of the curvature perturbations produced inflation near φ = φ e is always blue tilted.
In the large field region, since dV dφ > 0, φ is decreasing. The slow-roll parameters are given
The slow-roll conditions is violated when ǫ or η becomes O(1) at
For φ c > φ f , inflation is the type (I), and for φ c < φ f , it is the type (II). The e-folding number is given by
The spectrum of the curvature perturbations, the tensor-to-scalar ratio, the spectral indices of the curvature and tensor perturbations are given by
IV. THE CASE OF m = 0, µ = 0
In this section, we discuss inflationary dynamics in the Einstein frame in more details.
Along χ = 0, the potential in the Einstein frame has the nonzero extremal valuê
at A.
In this case, in terms of the shape ofV , we separately discuss the following cases In this case, there is the potential minimum at φ = φ e . In the typical cases, inflation can take place (i) in the vacuum-dominated region,
In the region (i), dV dφ ≃ (m 2 − κ 2 |ξ|λv 4 )φ < 0, and φ rolls down toward φ = φ e . To obtain a stable potential, it must take place for φ > φ c . Then, inflation is the type (II). Around φ = 0, the slow-roll parameters become Inflation is terminated where ǫ becomes order unity, namely at
Therefore, to get sufficiently long inflation, φ f ≫ 1 κ
. On the other hand, we also require
, which leads to where the upper bound given from our classification. Combining with (56) we obtain
We have to require N > 50, hence
For µ m 4 λv 4 , this condition can be satisfied. In the limit of m → 0, we recover the result in Sec. III-B.
The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral indices of the curvature and tensor perturbations are given by
respectively, where the field value φ * is evaluated at the horizon crossing. Thus, the spectrum of the curvature perturbations is red tilted. For ξ = −10 −2 , −2 × 10 −3 and −6 × 10 −3 , the potential has one local minimum at φ = φ e .
In the two regions of (ii) and (iii), inflation can be the type (I). Let us clarify the conditions that the type (I) inflation takes place. The tachyonic instability appears at the place where χ deviates from χ = 0. Then, the critical field value must be greater than φ e , hence φ c > φ e , which leads to
This is the generalization of Eq. (41) to the case of m = 0. Noting
the type (I) inflation can take place for
Taking the sub-Planckian condition Eq. (10) into consideration, we can further restrict the range of the coupling. If µ In the region (ii), assuming φ e φ c , the slow-roll parameters
Note that as φ → φ e , ǫ becomes smaller, and there is no violation of the slow-roll conditions. Therefore, inflation must be the type (I). The e-folding number is given by
The spectral index of the curvature perturbations is blue tilted. The tensor spectral index and the tensor-to-scalar ratio are given by
Inflation can be either the type (I) or the type (I). If φ c > φ f , inflation is the type (II), while if φ c < φ f it is the type (I). The e-folding number from the horizon crossing to the end of inflation is given by
Thus, the spectrum of the curvature perturbations is red tilted. The potential is monotonically increasing as φ increases, since φ e → 0, as ξ → − Then, the slow-roll parameters are given by
Since ǫ is decreasing for decreasing φ, inflation can be the type (I). The e-folding number is given by
The slow-roll inflation can be realized for
where ǫ i = 1. Noting that N ≃ ), where the upper bound is given from our classifications.
Thus, the spectrum of the curvature perturbations is blue tilted.
In the region (ii), the background dynamics and predictions can be written as the same manner as those in (1)-(iii). We now discuss the condition that inflation takes place at the sub-Planckian scale. If µ Until now we have discussed inflation realized in each typical region. In these cases, in general φ field moves from the large field region toward the local minimum or to the vacuum dominated region. To follow the whole dynamics, we need to solve the equations of motion numerically.
In Fig. 3 , the potential decreases monotonically as φ increases which will discuss below. We find in Fig. 3 -(a) the φ field reach to φ e after slow-rolling over potential during inflation period. is well fit to the data in 2σ (95%CL). We find from Fig. 4 -(right) that the spectral index shows the red spectrum in the large field region and then moves to the blue spectrum around the local minimum.
In Fig. 5 , the potential shows similar behavior as in Fig. (3) except that for |ξ| ≥ µ κ 2 m 2 ≃ 4 the potential decreases monotonically as φ increases. Fig. 5-(c) shows the evolution of the slow-roll parameter η and we can look at more closely the behavior of η during slow-roll phase in Fig. 6-(left) .
The relation between the spectral index n s and the tensor to scalar ratio r are shown in Fig. 5-(d) and the evolution of n s are plotted in Fig. 6-(right) . The best fit of n s from WMAP (n s = 0.96) as well as r = 0.2 and r = 0.03 are drawn in Fig. 5-(d) . Like as in Fig.   3 , the figure shows the spectrum moves from red spectrum to blue ones.
The potential is monotonically decreasing as φ becomes larger, since φ e → ∞, as ξ → − µ κ 2 m 2 in the subcase (1) . In this case, there is no way to realize the reheating, since the tachyonic instability does not occur. Thus, in this paper we do not consider this case. can be realized for
where
, in order to realize sufficiently long inflation,
On the other hand, we also need to require φ e > φ i , hence φ e ≫ λv 4 , this condition can be satisfied. The amplitude of the curvature perturbations, the tensor-to-scalar ratio, and the spectral indices of the curvature and tensor perturbations are given by
In the region (ii), around the local maximum, the slow-roll parameters are given by
For φ < φ e , inflation can be either the type (I) or the type (II). For φ > φ e , it can be only the type (II). The e-folding number is given by
The spectral index of the curvature perturbations is given by
The tensor spectral index and the tensor-to-scalar ratio are given by n t ≃ −2ǫ and r ≃ 16ǫ.
In the region (iii), inflation can not be the type (I). In addition, as φ increases the slow-roll
decrease. Therefore there is no way to terminate inflation. The potential is monotonically increasing as φ becomes larger, since φ e → ∞ as ξ → − µ κ 2 m 2 in the subcase (1). The inflation can take place (i) in the vacuum-dominated region
(ii) in the large field region
In the region (i),
Thus, φ rolls down toward φ = 0. Then, the slow-roll parameters are given by
Since as φ decreases ǫ decreases, inflation cannot be the type (II), but be the type (I). The e-folding number is given by
, to realize sufficiently long inflation,
where the upper bound is given from our classifications.
In the region (ii), φ ≫ φ e , the slow-roll parameters Eq. (9) are given by
Inflation can be either the type (I) or the type (I). If φ c > φ f , inflation is the type (I), while if φ c < φ f it is the type (II). The e-folding number from the horizon crossing to the end of inflation is given by
We perform the numerical calculations to follow the whole dynamics from the local maximum to the vacuum-dominated region. We consider the cases of ξ = −5×10 the local maximum locates at φ e . We find that as |ξ| increases, the local maximum shifts to the smaller φ. This implies that if |ξ| ≥ m 2 κ 2 λv 4 ≃ 4, the potential becomes monotonically decreasing function of φ which will be discussed below. We choose the initial value of φ in the region φ i < φ e where the φ field rolls toward to origin (see Fig. 7-(a) ). during slow-roll phase. We plot n s − r relation in Fig. 7-(d) . Unlike the case in Sect. IV A, the spectrum do not cross to the blue spectrum region (n s < 1) even after the slow-roll phase.
The potential is monotonically decreasing as φ becomes larger, since φ e → 0, as ξ → − m 2 κ 2 λv 4 in the subcase (1) . In this case, there is no way to realize the reheating, since the tachyonic instability does not take place. Thus, in this paper we do not consider this case. In this case, along χ = 0V
and therefore, the potential is the monotonic for φ. Since
, the potential is increasing, while for |ξ| > m 2 κ 2 v 4 λ , it is decreasing. In the region (i), the slow-roll parameters are given by
Since ǫ is decreasing for decreasing φ, inflation cannot be the type (II), but the type (I).
The slow-roll inflation can be realized for 0 < φ < φ i := κλv where we assume that φ * ≫ φ c,f . The amplitude of the curvature perturbations and the tensor-to-scalar ratio are given by
In order to follow the dynamics of the φ field from the large field region toward the vacuum-dominated one, we solve the equations of motion numerically. In Fig. 8 , we plot same figures as in Fig. 3 with λ = 1,
which satisfy m 4 = µλv 4 . While the potential decreases monotonically as φ increases for
The evolutions of η are shown in Fig. 8 -(c) and the details during slow-roll phase are plotted in Fig. 9 -(left). We plot n s − r relation for the case of Sect. IV C in Fig. 8-(d) .
The evolutions of n s during slow-roll phase can be seen in Fig. 9 -(right). We find that the spectrum moves from red to blue. In this case, there is no way to realize the reheating, since the tachyonic instability does not occur. Thus, in this paper we do not consider this case.
D. Summary
Following the discussions in the previous subsection, in tables I, II and III, we have summarized the possible inflationary dynamics and the tilt of the spectrum of the curvature perturbations.
V. CONCLUSIONS
In this work, we have investigated the dynamics and observational consequences in the hybrid inflationary model where the inflaton field φ is nonminimally coupled to gravity.
In the Jordan frame, the φ 4 term is added to the potential of the ordinary hybrid inflation model. Without this term, the potential in the Einstein frame decreases in the large field region, and there is no way to realize the reheating through the stabilization at the true vacuum. This new term flattens the potential in the large field region, and ensures a subPlanckian energy density there for an appropriate choice of parameters. We have analyzed the inflationary dynamics within the typical regions of the potential in the Einstein frame in the context of the slow-roll approximations, and also numerically solved the equations of motion to investigate the evolution of fields from the large field region or the local maximum to the vacuum dominated region or the local minimum.
We have classified inflation into the type (I) and the type (II). In these cases, inflation is terminated by the tachyonic instability and the violation of the slow-roll approximations, respectively. Even in the case of the type (II) inflation, the tachyonic instability emerges after the violation of the slow-roll condition, and the reheating should occur at the true minimum. Typically, inflation can take place
(1) in the vacuum-dominated region, (2) around the local maximum, (3) around the local minimum.
(4) in the large field region,
In the region (1), inflation becomes either the type (I) or the type (II), resulting in the blue or red spectrum of the curvature perturbations, respectively. In the region (2), inflation can be either the type (I) or the type (II). They lead to the blue / red spectrum of the curvature perturbations, respectively. In the region (3), inflation must be the type (I), resulting in the blue spectrum of the curvature perturbations. In the region (4), to terminate inflation, the potential in the Einstein frame must be positively tilted, which always leads to red spectrum of the curvature perturbations.
We then numerically solved the equations of motions from the large field region / the local maximum to the vacuum dominated region / the local minimum. The spectrum of curvature perturbations becomes red tilted on large scales and eventually becomes the blue one on smaller scales, since η parameter positively grows after inflaton field passes through the inflection point of the potential. The particularly interesting case is that inflation starts from the local maximum toward the vacuum region. For the optimistic choices of parameters, the spectrum is always red tilted. 
